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Figure 7. Registration of data set PER. Top left: the original subtraction of one of the live
images from the mask image (showing subpixel motion artifacts). Top right: registration
by global translation of the mask image (standard pixel-shifting method) yields only local
correction (in this case at the bottom left of the image). Bottom left: the registration
result using a regular quadrilateral mesh (rubber sheet masking method) still shows some
minor artifacts at the borders of the exposure region. Bottom right: registration using the
proposed approach yields a (near) perfect subtraction.

The computation times presented in Tables 3 and 4 indicate that, in spite of the
additional time due to the preprocessing operations (i.e., edge detection, control points
selection, triangulation), the proposed approach is faster than commonly used algorithms
based on regular quadrilateral meshes. This is mainly due to the edge-based control point
selection procedure which, in general, results in a reduction of the number of points for
which the displacement needs to be calculated explicitly.

One might argue that algorithms based on regular meshes can be made faster too, by
reducing the density of the control points in the mesh. However, this will almost certainly
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Figure 8. Registration of data set ABD. Top left: the original subtraction of one of the
live images from the mask image (showing major motion artifacts). Top right: registration
by global translation of the mask image (standard pixel-shifting method) yields only local
correction (in this case at the right side of the image). Bottom left: the registration result
using a regular quadrilateral mesh (rubber sheet masking method) in which most of the
artifacts are still present. Bottom right: registration results using the proposed approach
in which there are still major artifacts (see Section 7 for a discussion).

result in a deterioration of the registration accuracy, which is already worse than that
of the proposed approach. With the current parameter settings (Table 2), the average
number of points in relatively dense regions is about the same with both approaches.

7.2 Extensions and Future Work

After the set of control points P has been tessellated into a Delaunay triangulation D(P)
and the displacement d(p;) has been calculated for every vertex (control point) p; € P, it is
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Sequence Algorithm
Q-FS Q-HC Q-HC-P T-FS T-HC T-HC-P
CER 949.51  31.20 2596  391.08 19.29 16.42
PER 514.07  12.05 11.91 316.42 8.48 8.40
ABD 341.87 8.77 8.48 131.30 4.66 4.66

Table 3. The total computation times (in seconds) required by the several versions of
the algorithm to completely register the data sets presented in Table 1. In this table, Q
indicates the use of a regular quadrilateral mesh and T the use of an irregular triangular
mesh. The different optimization techniques that were used are full search (FS) (in a range
[—10,10] C N in both = and y direction) and hill climbing (HC). The letter P indicates the
application of inter-image displacement prediction.

Image Algorithm

Nr Q Q-P T T-P
PP 0.00 0.00 0.89 0.91
0 0.00 0.00 0.00 0.00
1 1.65 1.64 0.89 0.92
2 1.81 1.80 1.01 1.00
3 1.85 1.74 1.05 0.90
4 1.83 1.75 1.10 0.95
5 1.90 1.75 1.10 0.96
6 1.86 1.68 1.09 0.90
7 1.87 1.70 1.09 0.87
8 1.86 1.66 1.12 0.88
9 1.83 1.68 1.07 0.90
10 1.81 1.69 1.09 0.93
11 1.83 1.72 1.09 0.93
12 1.84 1.69 1.11 0.92
13 1.88 1.69 1.16 0.93
14 1.84 1.69 1.06 0.86
15 1.83 1.66 1.09 0.89
16 1.85 1.61 1.15 0.90
17 1.86 1.62 1.13 0.87
Total: 31.20 2596 19.29 16.42

Table 4. The computation times (in seconds) required by the proposed algorithm using an
irregular triangular mesh (T) in order to completely register data set CER (see Table 1).
The computation times required for a standard rubber-sheet masking approach using a
regular quadrilateral mesh (Q) are shown for comparison. PP denotes pre-processing time
and the extension P indicates whether inter-image displacement prediction was applied. In
all cases, hill-climbing was used for the optimization.

required that the resulting transformation does not cause triangles to fold over. The reason
for this requirement is that, in the case of a fold over, the transformation is not consistent
in the sense that there exist pixels in the original image that are mapped to the same
pixel in the transformed image. Although we did not encounter any occurrences of this
phenomenon during the experiments with the data sets in Table 1, a robust implementation
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should be able to perform some kind a regularization in such cases. A subject for future
research would be the development of a regularization scheme that does not affect the
performance of the algorithm in terms of computation times.

Note that the results have been presented on a rather experimental basis. There is
no pronounced way in which to quantify the registration results for this type of images.
The reason for this is that the actual quality of the resulting subtraction images has to
be judged by the person who is responsible for the diagnosis based on these images, i.e.,
the radiologist. An important activity for the near future will be to carry out a thorough
clinical evaluation of the algorithm.

8 Conclusions

In this paper, we have presented a new approach for the registration of digital angio-
graphic image sequences. The method involves the extraction of regions in the image
where artifacts can be expected to appear in the case of patient motion. These regions are
obtained by thresholding the gradient magnitude of the mask image. Based on assump-
tions about the coherence of neighboring pixels, a selected set of control points is extracted,
for which the displacement is computed explicitly by means of maximizing the energy of
the histogram-of-differences similarity measure. A hill-climbing approach is used for the
optimization. The complete displacement vector field is constructed from the displace-
ments at these control points, using a Delaunay triangulation and linear interpolation.
The final warping of the images is done real-time by graphics hardware.

The overall conclusion from the experimental results is that, in general, the proposed
method is effective, very fast, and outperforms algorithms based on regular grids. The
best results are obtained in those situations where the important structures in the original
three-dimensional scene are exposed in such a way that the grey-level distributions of
these structures in the resulting projection images do not overlap. Mostly, this is the case
in e.g. cerebral and peripheral images. In abdominal images, however, there are often
several important structures that can move independently, as a result of which accurate
registration with the current approach becomes impossible.

Future research should focus on improving the robustness of the algorithm by including
procedures to test for the consistency of the transformation. An important activity for
the near future will be to carry out a thorough clinical evaluation of the algorithm.

Appendix

The mapping for which the Jacobian J, must be computed in (12) is not just the inverse
displacement vector field d~!, but the total reverse mapping d, (Theorem 1), defined by

d,:R*>-R?*:p—p+dip), (13)

which we could write as e.0)
d,(x,y) 2 | @Y ] 14
ER (14)

The Jacobian of this reverse mapping is then computed as
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where | - | denotes taking the determinant of the matrix.

In general, J, will have to be computed explicitly for every point in the image (or
region of interest). For example, if the region of interest is a rectangle, and the inverse
displacement vector field within the region is computed by bilinear interpolation of the
inverse displacements of the four corner points (see e.g. Mandava et al. [39]):

Tm(% y) =z + (a1pory + a1z + a2y + a13),

(16)
ry(x,y) =y + (a20xy + a1 + agy + as3),
then the Jacobian becomes
| A+an+ay) (a2 + awx)
' (a21 +azy) (14 age + axw)
(17)

= (ag0 + anazo — arpa21)r +
(@10 + agea10 — azpa12)y +
1+ a11 + a2 + a11a22 — aina21,

which is linearly dependent on  and y. (The eight constant coefficients a;; are easily com-
puted from the eight equations that result when successively substituting the coordinates
and displacements of the four corner points into (16).) This result also applies when the
image is completely divided into quadrilaterals, which are the suitable polygons in case of
a regular grid of control points.

However, in our algorithm the control points are on an irregular grid, and they are
tessellated into a Delaunay triangulation. The inverse displacement of an arbitrary point
in the image is computed from the inverse displacements of the three control points con-
stituting the enclosing triangle, by means of linear interpolation, i.e.

rz(x,y) =z + (anz + a2y + a13),

(18)
ry(2,y) = y + (a217 + agzy + ags).
It can easily be derived that in this case the Jacobian becomes
. (1 + a11) ai9
= a1 (1+a)
(19)

= 1+ a1 + a2 + ai1a2 — ajzaz1,

which is a constant within every triangle. (Again, the coefficients are computed by sub-
stituting the coordinates and displacements of the three corner points into (18) and by
solving the resulting system of equations.)

At this point, there are two possibilities: either (i) the coefficients a;; are negligible
and there is no problem taking .J. = 1, or (ii) the coefficients do have significant values
and J, needs to be computed explicitly for every triangle. It is important to note that
in the latter case, J. needs to be computed only once for every triangle, which implies a
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great advantage in terms of computational speed as compared to the approach described
by e.g. Mandava et al. [39], where J, must be computed separately for every point within
the region of interest.

It is even more important to have a look at the consequences of including the Jacobian
factor into the computations. Since, in our implementation, J, is a constant within every
triangle, J,. is nothing but a constant grey-level scaling factor. Here we have another two
possibilities: either (i) the corresponding coefficients a;; in neighboring triangles are almost
equal, as a consequence of which there is, again, no problem taking J. = 1, since it would
only imply that we do not incorporate a constant grey-level scaling of the entire image,
or (ii) the corresponding coefficients a;; do change substantially from triangle to triangle,
and should be recomputed. However, in the latter case, inclusion of the Jacobian factor
in the computations will result in substantial grey-level discontinuities at the borders of
the triangles, the resulting artifacts of which might even be worse than the ones that we
were initially trying to correct for by including this factor. It should be stressed that these
artifacts do not only occur in our case of linear interpolation between displacement vectors
using (18). They will also occur in the case of bilinear interpolation using (16), which can
be seen clearly from the several examples shown by Mandava et al. [39].

In order to avoid this type of artifacts, we imposed an additional constraint to the
warping algorithm, wviz., that the grey-level distribution in the resulting subtraction im-
ages should vary in a continuous fashion.® As already pointed out in Section 4.5, this
requirement can be satisfied only by explicitly taking J. to be constant in the entire im-
age. A natural choice is J,. = 1 since any other value for J,. will cause the entire subtraction
image to be grey-level scaled, which makes no sense.
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