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Figure 2. The error function E(f) (30) for the spectra of the four interpolation kernels
described in Section IV, compared to that of the sinc function.

Kernel Ĥ(1)(−1
2)

hL(x) 1.621
hC(x) 2.321
hQ(x) 2.419
hS(x) 2.538
hB(x) ∞

Table 4. The first derivative of the Fourier transform Ĥ(f) of the four interpolation
kernels hL(x), hC(x), hQ(x), and hS(x) presented in Section IV, at the transition from
stop-band to pass-band (f = −1/2), compared to that of the sinc function hB(x).

Kernel ET

hL(x) 0.119277
hC(x) 0.078894
hQ(x) 0.075913
hS(x) 0.072559
hB(x) 0

Table 5. The total square error ET (31) of the spectra of the four interpolation kernels
hL(x), hC(x), hQ(x), and hS(x) presented in Section IV, compared to that of the spectrum
of the sinc function hB(x).

(ii) rotation, and (iii) magnification. For these experiments, the 16 two-dimensional test
images shown in Figure 3 were used.3

To carry out a subpixel translation, the following two operations have to be performed:
(i) reconstruction of the image, and (ii) sampling of the reconstructed image at a new,
translated grid. The first operation requires interpolation for which, in this experiment,
the four schemes presented in Section IV were used. The translated images should be

3In all three experiments, the images were mirrored around the borders to reduce border artifacts.
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Figure 3. The 16 test images used in the experiments for comparison of the four in-
terpolation schemes described in Section IV. From top-left to bottom-right: Airfield,

Airplane, Baboon, Boat, Brain, Bridge, Camera, Clown, Couple, Flower,

Girl, Lena, Moon, Orca, Peppers and Tank.

compared to the corresponding ideally translated one (in which the sinc function is used
as interpolation kernel). Since such an image cannot be obtained, the images were trans-
lated back to their initial position (using the same interpolation kernel as for the forward
translation) and the mean square error with respect to the original (non-translated) ver-
sion was computed. The results of this subpixel translation experiment for the 16 test
images and for a displacement of (0.4, 0.7) pixel are presented in Table 6. According to
these figures, the improvement of cubic convolution over linear interpolation is (on aver-
age) 65.1%. Quintic and septic convolution are, respectively, 67.6% and 69.9% better than
linear interpolation, but only 7.6% and 14.3% better than cubic convolution.
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Image Experiment
Subpixel Translation Rotation Magnification
hL hC hQ hS hL hC hQ hS hL hC hQ hS

Airfield 78.85 29.88 27.78 25.97 52.21 18.13 16.83 15.79 90.79 54.74 52.74 50.53
Airplane 16.07 4.09 3.73 3.39 10.29 2.34 2.12 1.93 43.09 22.81 21.69 20.45
Baboon 154.12 63.85 58.98 55.29 107.05 42.32 39.42 37.12 46.22 28.69 27.62 26.43
Boat 28.10 9.95 9.21 8.42 17.03 4.77 4.35 3.97 42.71 25.56 24.56 23.45
Brain 32.26 6.20 5.54 4.90 20.09 3.47 3.09 2.75 95.57 55.10 52.84 50.36
Bridge 98.23 42.84 39.98 37.69 65.59 25.40 23.67 22.32 73.48 44.61 42.91 41.01
Camera 119.99 51.27 47.98 45.01 76.01 27.30 25.33 23.74 87.97 51.36 49.35 47.11
Clown 34.22 8.54 7.79 7.03 21.45 4.75 4.31 3.91 91.22 57.82 55.95 53.88
Couple 41.67 14.83 13.72 12.74 26.62 8.29 7.63 7.09 56.59 36.51 35.31 33.97
Flower 7.10 2.20 2.04 1.91 4.69 1.38 1.29 1.22 25.91 13.89 13.29 12.63
Girl 18.09 6.33 5.87 5.48 12.14 3.92 3.63 3.41 44.14 31.57 30.89 30.13
Lena 14.98 5.02 4.67 4.36 9.49 2.78 2.57 2.39 31.75 18.78 18.10 17.36
Moon 13.52 5.92 5.53 5.19 8.46 3.06 2.83 2.64 11.14 6.78 6.53 6.27
Orca 5.83 1.14 1.03 0.93 3.90 0.71 0.64 0.58 29.59 14.84 14.11 13.32
Peppers 17.43 8.19 7.74 7.38 12.00 5.25 4.99 4.80 30.23 18.17 17.59 16.94
Tank 20.76 8.81 8.19 7.72 14.33 5.62 5.25 4.96 16.50 10.35 10.02 9.65

Table 6. The mean square errors (MSE) made by the four interpolation kernels when
using them in subpixel translation, rotation, and magnification operations, applied to the
16 real-life test images shown in Figure 3. The translation was carried out over the vector
(0.4, 0.7), the rotation was over 15◦, and the magnification was done with a factor of 4.

As a second experiment, the test images were rotated. In order to rotate an image, the
two following operations need to be carried out: (i) reconstruction of the image, and (ii)
sampling of the reconstructed image at a new, rotated grid. The first operation requires
interpolation, for which the four schemes presented in Section IV were used. The rotated
images should be compared to the corresponding ideally rotated one. Since such an image
cannot be obtained, the images were rotated back to their initial orientation (using the
same interpolation kernel as for the forward rotation) and the mean square error with
respect to the original version was computed. The results of this experiment for the 16
test images and for a rotation angle of 15◦ are presented in Table 6. According to these
figures, the improvement of cubic convolution over linear interpolation is (on average)
68.8%. Quintic and septic convolution are, respectively, 71.2% and 73.1% better than
linear interpolation, but only 7.8% and 14.3% better than cubic convolution.

Finally, the test images were magnified. In order to magnify an image, the following
three operations have to be carried out: (i) reconstruction of the image, (ii) sampling of the
reconstructed image at a new, more dense grid, and (iii) scaling of the resampled image.
The first operation requires interpolation for which, again, the four schemes presented in
Section IV were used. The magnified images should be compared to the corresponding
ideally magnified one. Since such an image cannot be obtained and since the inverse
operation (i.e., subsampling) would yield exactly the original image (by definition of the
kernels, recall the constraints in Section III), we had to resort to a different evaluation
strategy: the magnification operation was applied to subsampled versions of the original
images which, in order to reduce the influence of aliasing, were low-pass filtered prior to
subsampling. That is, the low-pass filtered versions of the 16 test images (Figure 3) were
taken as the new originals and were then successively subsampled with a factor 4 and
magnified with the same factor. The magnified images (now having the same size as the
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original images) were compared to the low-pass filtered versions by computing the mean
square error. The results of this experiment are also listed in Table 6. According to these
figures, the improvement of cubic convolution over linear interpolation is (on average)
40.1%. Quintic and septic convolution are, respectively, 42.3% and 44.8% better than
linear interpolation, but only 3.7% and 7.8% better than cubic convolution.

V.C Discussion of the Results

In the subpixel translation, rotation, and magnification experiments, the actual magnitude
of the mean square error for a specific image depends on the information contained in the
image. If large parts of the image are highly structured, the mean square error will be
large, since the largest errors are made at sharp transitions (edges). This is the case in e.g.
the Baboon and Airfield images. In e.g. the Flower and Peppers images, there are
large more-or-less homogeneous regions and only a relatively small part of these images
contains sharp transitions, which entails that the mean square error is relatively small.

We have presented the results for one specific translation vector, rotation angle and
magnification factor. In order to make sure that the observed effects were not dependent
on the specific choice of these quantities, we have carried out experiments with several
other vectors, angles and factors. The results of these experiments were all very consistent
with the results presented here.

As can be gathered from the results of the different experiments, the precise improve-
ment of higher-order schemes with respect to lower-order ones depends on the choice for
the error measure. In general it can be stated that the specific situation in which an inter-
polation scheme is to be chosen also determines the error measure that must be selected
in order to describe the merits of that scheme for the application. In fact, it is the type of
application that determines whether a higher-order scheme is to be preferred. The exper-
iments presented in this paper show that in all cases, the improvement of quintic or septic
convolution over cubic convolution is far less significant than that of cubic convolution
over linear interpolation.

Finally it should be noted that in a particular situation, the type of operations and
the type of images to which they are to be applied may also determine the optimality
criterion for deriving the free parameter α. In this paper, we have chosen a criterion that
has been shown to yield the most mathematical precise interpolation [4,8], i.e., for which
the Taylor series expansion of the interpolant will be equal to that of the original signal
in as many terms as possible. In a general description of these polynomial kernels, this is
the most appropriate choice.

VI Conclusions

In this paper, the sinc-approximating symmetrical piecewise nth-order polynomial kernels
were presented, which can be used for the reconstruction of N -dimensional images. After
a derivation proving that reconstruction (or interpolation) of N -dimensional signals can
be carried out by N successive one-dimensional interpolations, and the presentation of the
concept of symmetrical piecewise nth-order polynomial kernels, the linear, cubic, quintic
and septic convolution kernels were derived.

An objective, quantitative comparison of the performance of the four interpolation
kernels was obtained by analyzing the spatial and spectral behavior of the kernels ac-
cording to several measures, as well as by using them in subpixel translation, rotation
and magnification experiments, applied to a number of real-life test images. The results
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of these experiments show, very consistently, that the errors made by cubic convolution
are substantially smaller than those made by linear interpolation. However, higher-order
schemes yield only marginal improvement, at an increased computational cost.
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